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A current distribution model of a porous fuel cell electrode
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Abstract

A one-dimensional model of the current and potential distribution in a porous electrode, which accounts for internal limitations

of mass transport is presented. The electrode kinetics of the reaction are described by the Tafel approximation and the mass

transport limitations are described by a mass transfer coefficient. The model is solved analytically to give a convenient algebraic

equation to predict the influence of electrode parameters, such as conductivity, thickness and specific surface area on electrode

polarisation. The model can also predict the influence of reactant concentration and internal mass transport on the electrode po-

larisation behaviour. The predicted electrode polarization is in agreement with that observed for a porous platinum based anode.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Three-dimensional porous electrodes are generally

considered for reactions with low operating current

densities in order to increase localised mass transfer
rates and/or increase overall current per unit cell vol-

ume. Three dimensional electrode structures are also

used in several applications, where high current densities

are required at relatively low electrode and cell polari-

sation, e.g., water electrolysis and fuel cells. In these

applications it is advantageous that all of the available

electrode area is fully utilised in supporting high current

densities at low polarisation. However conductivity
limitations of three-dimensional electrodes generally

cause current and overpotential to be non-uniform in

the structure. There have been several treatments and

models of three-dimensional and packed bed reactors

developed over the years [1–4] and the field is still active

due to the many applications of such systems.

In addition, as well as current distributions arising

because of conductivity limitations, the reaction rate
distribution may also be non-uniform due to the in-

fluence of mass transfer [1]. The maximum current
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density at any position in the electrode structure is

limited by the prevailing conditions of mass transfer.

The limiting current thus can also have an effect on the

reactor performance and particularly the potential

distribution. The models of mass transfer-reaction in
porous electrodes, which describe the potential distri-

bution or concentration distribution, are non-linear

differential equation(s), that are usually solved by lin-

earization or numerical methods. In this paper we de-

scribe a model of the porous electrode in which

internal mass transport limitations arise and are de-

scribed by a simple mass transport coefficient. The

objective of the model is to describe the current and
potential distribution in the electrode by an analytical

solution, which requires the solution of a non-linear

algebraic equation.
2. Mathematical model of current distribution

2.1. Model system definition

Fig. 1 shows the model of the porous electrode under

consideration. The model is for a one dimensional dis-

tribution of current and potential in a catalyst region in

which the electrocatalyst is in both ionic and electronic

contact.
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Nomenclature

a specific area of electrode (m�1)
�a constant defined in Eq. (35)

b constant defined in Eq. (35)

c constant defined in Eq. (35)
d constant defined in Eq. (35)

C concentration in porous structure

Cs concentration of species at surface (mol m�3)

Cref reference concentration (mol m�3)

e constant defined in Eq. (17)

f F =RT
F Faraday constant (C mol�1)

j proton current density (A m�2)
jo exchange current density (A m�2)

js electronic current density (A m�2)

jl total current density (A m�2)

j� dimensionless current density

j�o dimensionless variable defined in Eq. (23)

j�L dimensionless current density defined in

Eq. (32)

J� electrochemical reaction rate at the membrane

K effective conductivity of electrode phase

(X�1 m�1)

l electrode length in the direction of current
flow (m)

n number of electrons involved in reaction

p constant defined in Eq. (22)

q constant defined in Eq. (22)

R universal gas constant (J mol�1 K�1)

T temperature (K)

U constant defined in Eq. (22)

x distance in the direction of current flow (m)
z dimensionless distance in the direction of

current flow

a anodic charger transfer coefficient (dimen-

sionless)

r conductivity in the electrolyte phase

(X�1 m�1)

g overpotential (V)
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The region from x ¼ 0 to x ¼ l is the catalyst region

in which the concentration of reactant is assumed con-

stant. This situation applies to a system with negligible

mass transport resistance in the pores or when an ap-

proximate well mixed condition applies.

Applying Ohm�s Law to proton and electron motion

in the carbon/catalyst region and ionomer region cov-

ering the catalyst gives

�r
d/m

dx
¼ j; ð1Þ

�K
d/s

dx
¼ js; ð2Þ

where j and js denote proton and electronic current

density, respectively, /m and /s denote electrical po-
tential in the ionomer and carbon phase and r and K the

corresponding effective conductivities.

The proton and electron current densities are related

to the respective molar fluxes according to

dj=dx ¼ �djs=dx: ð3Þ
Integrating over the catalyst layer gives

jþ js ¼ jl; ð4Þ
where jl is the current density loading for the cell, noting

that at x ¼ 0, the membrane is electronically insulating,

i.e.,

jjx¼0 ¼ 0

and thus

jl ¼ jjx¼0:
In the catalyst region the overpotential, g, driving re-

action is defined as

g ¼ � /sð � /mÞ: ð5Þ
The change in overpotential, from Eqs. (1) and (5), is

dg
dx

¼ � j
r

�
� js
K

�
: ð6Þ

Substituting Eq. (4) into (6) gives

dg
dx

¼ �j
1

K

�
þ 1

r

�
þ jl
K
: ð7Þ

In many cases, e.g., for carbon supports, the electrical

conductivity in the membrane is much less than that

in the carbon layer and the terms 1=K can be ignored
in Eq. (7), except at low current densities. However

other lower conductivity supports are being considered

in certain fuel cells (e.g., conducting polymers) and

thus we do not adopt this assumption. In this way we

can explore the influence of the relative conductivi-

ties of catalyst support and ionomer on fuel cell

performance.

In the fuel cell, we adopt the following Butler–Volmer
expression for electrochemical kinetics

j ¼ joref
Cc

s

Cc
ref

exp
acF g
RT

� �
1

�
� exp

�
� ðac þ aaÞ

F g
RT

��
;

ð8Þ
where joref is the exchange current density at a reference

concentration, Cref , Cs is the reactant concentration in
the pores, (at the catalyst surface) c is the reaction order,

ac and aa are transfer coefficients.
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Fig. 1. Schematic diagram of the electrode model.

K. Scott, P. Argyropoulos / Journal of Electroanalytical Chemistry 567 (2004) 103–109 105
In certain cases, we can assume symmetry of the
forward and reverse electrochemical reactions, i.e.,

ac ¼ aa ¼ a

j ¼ joref
Cc

s

Cc
ref

expðaf gÞð1� expð�f gÞÞ; ð9Þ

where f ¼ F =RT
With a Tafel approximation applied to high overpo-

tentials we have from (9)

j ¼ joCc
s expðaf gÞ; ð10Þ

where

jo ¼ josref=C
c
ref :

It is known that, in fuel cells at high overall current

density loads, mass transport limitations can arise.

These mass transport limitations are due to several

phenomena, which include fluid diffusion in gas diffu-

sion regions, and reactant diffusion through ionomer
regions (also covered with water) in the electrocatalyst.

We thus in the catalyst region define an effective mass

transport coefficient, kL, in the catalyst region such

that

j ¼ nFkLðC � CsÞ ¼ k�LðC � CsÞ; ð11Þ

where C is the concentration of reactant in the pore.

2.1.1. Model solution

In the first instance we seek a solution to the current

distribution problem assuming Tafel kinetics for the
reaction. From this we will establish the overall elec-

trode potential current density relationship for the

electrode.

In the catalyst region, the change in ionic current

density, i.e., due to proton conductivity is given by

dj
dx

¼ �aj; ð12Þ

where a is a specific reaction surface area (m�1).

Combining this with the Tafel Eq. (10).

dj
dx

¼ �aCc
s jo expðaf gÞ: ð13Þ

Differentiating Eq. (13) gives

d2j
dx2

¼ �aCc
s joaf expðaf gÞ dg

dx
: ð14Þ

Eliminating dg=dx using Eq. (7) gives

d2j
dx2

¼ ajaf j
1

K

��
þ 1

r

�
� jl
K

�
: ð15Þ

Noting Eq. (12) we obtain

d2j
dx2

¼ � dj
dx

af j
1

K

��
þ 1

r

�
� jl=K

�
ð16Þ

and introducing the following dimensionless variables

z ¼ x=l; j� ¼ afl
1

K

�
þ 1

r

�
j;

d2j�

dz2
þ jx

dj�

dz
� e

dj�

dz
¼ 0; ð17Þ

where

e ¼ aðfl=KÞjl:
Noting that j�dj� ¼ 1

2
dðj�Þ2 , Eq. (17) gives

d2j�

dz2
þ 1

2

dðj�Þ2

dz
� e

dj�

dz
¼ 0: ð18Þ

Integrating Eq. (18) gives

dj�

dz
þ 1

2
jx2 � e jx ¼ dj�

dz

���� þ j�o
2

�
� e
�
j�o: ð19Þ
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The term �dj�=dz Oj is the electrochemical reaction rate,

J � at the membrane, catalyst interface and is given by

�J � ¼ dj�

dz

����
O

¼ �aljl

¼ �aafl2
1

K

�
þ 1

r

�
joCc

s expðaf goÞ; ð20Þ

where go is the overpotential for the electrocatalyst

region.

The term j�o in Eq. (19) is the dimensionless proton

current density for the electrode. Integration of Eq. (19)
over the electrode will give the polarization current

density characteristics of the electrode fromZ jx¼0

jx¼j�

djx

� J � þ ðjxo=2Þ � e
� �

jxo
� 	

þ ej� � j�2=2
¼
Z 1

z
dz:

ð21Þ
Integration 1 gives

j�o ¼ eþ ffiffiffi
q

p
tan

ffiffiffi
q

p ð1� zÞ
2

� ��
� U

�
() j�o

¼ eþ ffiffiffi
q

p tan
ffiffiffi
q

p ð1�zÞ
2

� �
� tanU

� �
1þ tan

ffiffiffi
q

p ð1�zÞ
2

� �
tanU

� � ; ð22Þ

where

q ¼ �e2 � 2p;

p ¼ �J �
o þ j�2o =2� j�oe ðq > 0Þ;

U ¼ tan�1 effiffiffi
q

p
� �

() tanU ¼ effiffiffi
q

p
� �

:

When z ¼ 0, this equation gives the electrode charac-

teristics as

j�o ¼ eþ ffiffiffi
q

p
tan

ffiffiffi
q

p

2

�
� U

�
() j�o

¼ eþ ffiffiffi
q

p tan
ffiffi
q

p

2
� tanU

� �
1þ tan

ffiffi
q

p

2
tanU

� � ; ð23Þ

i.e., in dimensionless variables

j�o ¼ afl
1

K

�
þ 1

r

�
jl;

hence

e ¼ j�o
1

1þ ðK=rÞ :

The electrode polarization characteristics can be de-

termined through Eq. (10), i.e.,
1 Note that an alternative solution can be obtained via integration of

Eq. (19) in the form.
J �
o ¼ � dj�

dz z¼0
¼ �afl

1

K
þ 1

r
joCs expðaf goÞ; ð24Þ

where go is the overpotential of the electrode.

Thus, we can obtain the relationship between jo and

go at the membrane interface and the polarisation curve

for the electrode based on the current density per unit

cross-section area.

We note that with the condition K � r, Eq. (23)
simplifies to

j�o ¼
ffiffiffiffiffiffiffiffiffi
�2p

p
tan

ffiffiffiffiffiffiffi
�p
2

r� �
; ð25Þ

Z j�

0

1þ e
al

� �
dj�

J � j�2=2
¼
Z z

1

dz ð26Þ

gives

1
�

þ e
al

� ffiffiffiffiffiffiffi
2

�J

r
tan�1

ffiffiffiffiffiffiffi
�1

2J

r
j�

 ! !
¼ 1� z ðJ < 0Þ;

ð27Þ
i.e.,

j� ¼
ffiffiffiffiffiffiffiffiffi
�2J

p
tan

ð1� zÞ
ffiffiffiffiffiffiffi
� J

2

q
1þ e=al

2
4

3
5; ð28Þ

where

J ¼ �J � þ j�o
2

�
� e
�
j�o:
2.2. The effect of mass transport

At high overpotential, we consider the situation

where mass transport limitations arise due to diffusion
of the reactant in water/ionomer layers covering the

electrocatalyst. We consider the case of a first order

reaction, i.e., c ¼ 1:0. Eqs. (10) and (11) combine to give
0 1000 2000 3000 4000 5000 6000 7000
j/ Am-2

Fig. 2. The effect of mass transport on overpotential characteristics of a

pseudo one-dimensional high-surface-area porous electrode. Predicted

by Eq. (29) with jo ¼ 0:0046, C ¼ 1000 mol m�3, a ¼ 1, k�l ¼ 5:79.
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Fig. 3. Variation of dimensionless current density with dimensionless

overpotential. l ¼ 10�5 m, a ¼ 118317 m�1, a ¼ 1, joCs ¼ 6� 104 A

m�2, N: K ¼ 40 X�1 m�1; �: K ¼ 4000 X�1 m�1, r ¼ 3:4 X�1 m�1.
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j ¼ C
1
k�
L

þ 1
jO exp af gð Þ

h i ¼ CP
R
: ð29Þ

Fig. 2 shows typical characteristics predicted by this

equation for the case of an anode of a direct methanol

fuel cell. The data are representative of a high surface

area porous electrode of uniform potential in which

mass transport limitations can result in limiting current

behaviour. The purpose of this model is to apply the
situation of ‘‘internal’’ mass transport limitations to a

porous electrode exhibiting a significant current distri-

bution in the direction of current flow through the

electrode.

Substituting Eq. (29) into (12) and differentiating

d2j
dx2

¼ �aafC

ð
P

RÞ2
1

jOeaf g
dg
dx

: ð30Þ

Substituting Eq. (7) gives

d2j
dx2

¼ aaf j2
��

� j3

k�LC

�
1

K

�
þ 1

r

�
� j
�

� j2

k�LC

�
jl
K

�
:

ð31Þ
In terms of dimensionless variables, Eq. (31) becomes

þ d2j�

dz2
¼ 1

3j�L

djx3

dz
þ e

dj�

dz
� 1

2

dj�2
dz

� 1

2

e
j�L

djx2

dz
; ð32Þ

where

j�L ¼ k�LCafl
1

K

�
þ 1

r

�
:

Integration of Eq. (32) gives

d�
j

dz
� j�3

3j�L
� ej� þ j�2

2
1

�
þ e
jxL

�

¼ �J �
o �

j�3O
3j�L

� ej�O þ j�2O
2

1

�
þ e
j�L

�
¼ Ĵ : ð33Þ

Re-arrangement of Eq. (33) enables integration

djx

dz
1

�
þ e
al

þ jx2

3alj�L

�
¼ Ĵ � jx2

2
1

�
þ e
j�L

�
ð34Þ

to give

a
�
�

� bc
d

�
1ffiffiffiffiffi
cd

p tan�1 j�
ffiffiffi
d
c

r !
þ b
d
j� ¼ 1ð � zÞ; ð35Þ

a ¼ 1þ e
al

; b ¼ 1

al3j�L
; c ¼ �Ĵ ; d

�
¼ 1

2

e
j�L

�
þ 1

�
:

The overpotential current density arrangement is ob-

tained when z ¼ 0 as

a
�

 
þ bĴ

d

!
1ffiffiffiffiffiffiffiffiffi
�Ĵd

p tan�1 j�o

ffiffiffiffiffiffiffiffi
� d

Ĵ

r !
þ b
d
j�o ¼ 1:0: ð36Þ
For z ¼ 0 Eq. (36) becomes

j�o ¼
1ffiffiffiffiffi
d
�Ĵ

q tan
� b

d j
�
o þ 1

1ffiffiffiffiffiffi
�Ĵd

p aþ bĴ
d

� �
2
64

3
75:

In this equation, a major parameter affecting mass

transport is ‘‘b’’. If this is small then no effect of mass

transport would be seen.

In the absence of mass transport limitations b ! 0

and the solution becomes

1
�

þ e
al

� 1ffiffiffiffiffiffiffiffiffiffiffiffi
��J=2

p tan�1 j�ffiffiffiffiffiffiffiffiffi
�2�J

p
 !

¼ 1ð � zÞ; ð37Þ

j� ¼
ffiffiffiffiffiffiffiffiffi
�2J

�
q

tan
1� zð Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
��J=2

p
1þ e=al

2
4

3
5: ð38Þ

When e ! 0 ðK � rÞ Eq. (36) gives the polarization

behaviour as

1
�

þ 2bĴ
� 1ffiffiffiffiffiffiffiffiffiffiffiffi

�Ĵ=2
q tan�1 j�o

ffiffiffiffiffiffiffiffiffiffi
� 1

2Ĵ

r !
þ 2bj�o ¼ 1:0;

ð39Þ

j�o ¼
tan

ffiffiffiffiffiffiffiffi
�Ĵ=2

p
1þ2bĴð Þ ð1� 2bj�oÞ

� �
ffiffiffiffiffiffiffiffi
� 1

2Ĵ

q :

3. Model results

3.1. Current distribution and electrode polarisation

Fig. 3 shows the variation of dimensionless current

density with dimensionless overpotential. The variables

are defined by Eqs. (23) and (24), respectively. The be-

haviour shows the expected increase of overpotential

with current density. For the situation when the con-
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Fig. 6. The effect of surface area on the anode polarisation. (a)

K ¼ 40 X�1 m�1, j�l ¼ 0:00413, r ¼ 3:4 X�1 m�1, a in m2/m3 varies as

r: 1000; N: 10 000; �: 100 000; �: 150 000; M: 250 000, C ¼ 1000 mol

m�3, k�l ¼ 0:58, a ¼ 0:8, joCs ¼ 28:9 A m�2. (b) K ¼ 10 X�1 m�1,

j�l ¼ 0:00413, r ¼ 1 X�1 m�1, a in m2/m3 varies as r: 1000; N: 10 000;

�: 100 000; �: 150 000; M: C ¼ 1000 mol m�3, k�l ¼ 0:58, a ¼ 0:8,

joCs ¼ 62:2 A m�2.
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ductivity of the electrode support is greater than that of

the ionomer conductivity, a higher electrode (catalyst

support) conductivity produces a higher current density

at the same level of overpotential. This behaviour is a

consequence of a greater depth of penetration of current

into the electrode which improves the utilisation of the

catalyst area.

Fig. 4 shows typical variation in current distribution
in the absence of mass transport limitations. The current

density, as expected, decreases from its maximum value

at the membranejcatalyst electrode interface and de-

creases to zero at the point of current collection from the

electrode. As expected a greater distribution in current

density is seen with higher electrode polarization.

Fig. 5 shows the effect of the dimensionless electrode

surface area on the dimensionless cell polarization be-
haviour. As would be expected, a higher surface area

increases the overall current density at a given level of

polarisation potential.

Overall the behaviour of the electrode predicted by

the model is similar to that reported previously in other

work on current distribution in porous electrodes [2,3].

We now however consider the case when the current
densities of operation are constrained by internal mass

transport limitations.

3.2. The effect of mass transport

Fig. 6 shows the effect of mass transport on the cur-

rent distribution in a porous electrocatalytic anode. The

data are for a relatively low value of mass transport

coefficient of approximately 10�6 m s�1. The data show

the general anticipated trend of a Tafel characteristic at

lower overpotential which develops into a limiting cur-
rent density situation with increase in overpotential. The

data clearly show the advantage of using a higher surface

area electrode (greater value of a) in that higher current

densities are achieved at the same values of overpotential

and that higher limiting current densities occur. Fur-

thermore comparing Figs. 6(a) and (b), it can be seen

that the higher exchange current density gives lower

values of overpotential at the same current density.
Fig. 7 shows the effect of methanol concentration on

anode polarization. As expected higher values of con-

centration decrease the extent of polarisation at a fixed

current density and produce higher values of limiting

currents.
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Fig. 8 shows the effect of mass transport on anode

polarisation behaviour. A high value of mass transport

coefficient locally in the electrode would prevent limiting

currents of operation being reached internally until high

values of overpotential occurred. Thus, as expected, an

increase in mass transport coefficient has the effect of

increasing the overall limiting current density for the

electrode as well as reducing the overpotential at a fixed
value of current density, when j is a significant fraction

of jL. Overall, the variation of current density with

overpotential is in qualitative agreement with experi-

mental data, shown in Fig. 9, for the oxidation of

methanol at a fuel cell anode at a temperature of 60 �C
[5]. These data were obtained in a direct methanol fuel

cell (9 cm2) cross-sectional area, using a carbon sup-

ported Pt–Ru anode (2 mg cm�2) hot pressed onto a
Nafion� 117 membrane. A quantitative comparison

between experiment and model data requires measure-

ments to be made on methanol oxidation on the sup-

ported catalysts to provide appropriate basic kinetic

data. In addition physical and electrical data charac-

terizing the electrode are also required, all of which is

outside the scope of the paper. However the character-
istics of kinetic, mixed and mass transport control as

shown experimentally are predicted by the model.
4. Conclusions

A one-dimensional model of a porous electrode has

been developed, which accounts for the internal limita-

tions of mass transport. The mass transport limitations

are described by a simple mass transfer coefficient. The

model predicts the influence of reactant concentration

and internal mass transport on the electrode polarisa-

tion behaviour. The electrode polarisation is in agree-

ment with that observed for a porous platinum based
anode for the oxidation of methanol in a direct metha-

nol fuel cell. Further experimental data are required to

give a suitable validation to the model.
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